Abstract In this paper a finite element formulation of a reduction method for dynamic buckling analysis of imperfection-sensitive shell structures is presented. The reduction method makes use of a perturbation approach, initially developed for static buckling and later extended to dynamic buckling analysis. The implementation of a single-mode dynamic buckling analysis in a general purpose finite element code is described. The effectiveness of the approach is illustrated by application to the dynamic buckling of composite cylindrical shells under axial and radial step loads. Results of the reduction method are compared with results available in the literature. The results are also compared with full model finite element explicit dynamic analysis, and a reasonable agreement is obtained.
Introduction
Shell structures are important structural components in various branches of engineering. These thin-walled structures are prone to buckling instabilities under static and dynamic compressive loading. Two main classes of dynamic stability can be distinguished [1, 2] , parametric excitation (vibration induced by pulsating parametric loading), and dynamic buckling under step loading or impulsive loading. Cylindrical shells have attracted special attention because of their theoretical and practical significance. Investigations on parametric excitation of cylindrical shells in recent years can be found in e.g. [3] [4] [5] [6] [7] , which also include literature overviews on this topic. The present work is concerned with the second class of dynamic-stability problems (dynamic buckling under step loading or impulsive loading), and more specifically, considers the case of dynamic buckling under step loading. Shell structures typically exhibit unstable post-buckling behavior which makes them highly sensitive to geometric or load imperfections. For imperfection-sensitive structures, under step loading buckling may occur at a load level that is lower than the corresponding static buckling load. Several criteria that can be used to estimate the critical load in the dynamic buckling case are discussed in [2] . Following Budiansky and Roth [8] , in the present work the critical load is defined as the step load level at which, when the amplitude of the step load is gradually increased in small increments, a distinct jump in the maximum response occurs.
The dynamic buckling of discrete systems under step loading was investigated by Kounadis [9] . Important early studies on dynamic buckling of shells were done by Budiansky and Roth [8] and by Roth and Klosner [10] . Tamura and Babcock [11] included parametric excitation effects in their study of dynamic buckling of cylindrical shells under axial step loading. Finite element studies on the dynamic buckling analysis of shells include the investigations by Saigal et al. [12] , Ganapathi et al. [13] , Yaffe and Abramovich [14] , and Bisagni [15] . The latter study points out the important influence of the load duration on the dynamic buckling load level.
The possibility to carry out a nonlinear transient analysis for shell structures is standardly available within finite element codes. However, finite element based transient analysis is computationally expensive and not suitable for the repeated runs necessary for a design and optimization process, and often it is difficult to interpret the result and to judge its correctness. Reduction methods for general transient analysis of structures have therefore received considerable attention in recent years [16] [17] [18] [19] .
The reduction method proposed in the present paper is based on a finite element based perturbation approach that has been successfully applied earlier by various researchers as the foundation of a reduction method for static buckling analysis, e.g. [20] [21] [22] [23] . In earlier studies using this perturbation approach for static buckling, often problems have been considered under the assumption of a linear pre-buckling state. For shell structures, in relevant cases the inclusion of pre-buckling nonlinearity is essential [24, 25] . Koiter's perturbation approach was presented using a functional notation by Budiansky [26] and by Byskov and Hutchinson [27] .
Budiansky [26] also proposed an extension of the perturbation approach to dynamic buckling analysis. On the basis of a perturbation approach, Virgin and Chen [28] studied post-buckling dynamics of plates. Recently Teter [29] studied the dynamic buckling of long, prismatic columns consisting of rectangular plates using the dynamic buckling approach introduced by Budiansky. The model was based on the differential equations governing the dynamics of thin plates. Budiansky's approach was applied by Schokker et al. [30] for the dynamic buckling analysis of composite cylindrical shells under hydrostatic pressure using the p-version of the finite element method.
Objective of the present work is provide a reduction method for dynamic buckling analysis of general shell structures on the basis of the approach introduced by Budiansky. The development environment of the general purpose finite element code DIANA [31] is used as implementation platform. DIANA's original implementation of the perturbation approach for static postbuckling analysis and its recent extension to include the effect of pre-buckling nonlinearity by the present authors [25] is used as a basis, and will be further extended in the present work to include the effect of inertia. The effectiveness of the approach will be illustrated by application to the dynamic buckling of composite cylindrical shells under axial and radial step loads.
Perturbation method
In the present work the earlier implementation of a perturbation approach for static buckling analysis [25] will be extended to account for inertial forces in order to be able to analyse dynamic buckling problems. The extension is done along the lines proposed by Budiansky [26] . A short description of the perturbation approach, both for static buckling and for dynamic buckling, will be given in the following sections. For clarity and conciseness, the approach will be presented for a linear pre-buckling state, and the modifications necessary in order to include a nonlinear pre-buckling state will be inserted in the final equations.
Static analysis
Introducing the generalized displacement u, strain , load f, and stress σ , it is assumed that the nonlinear strain-displacement relation and the linear elastic constitutive relation of a structure can be written as
where L 1 and H are linear functionals and L 2 is a quadratic functional. The equilibrium equation in variational form is written as
Here σ · δ and f · δu denote, respectively, the internal virtual work of the stress σ through the strain variation δ , and the external virtual work of the load f through the displacement variation δu, both integrated over the entire structure. Further, if the bilinear functional L 11 is defined such that
then it follows from (1) that the first order strain variation δ produced by δu can be written as
It will also be assumed that the reciprocity relation
holds. In this study proportional loading will be considered, i.e. f = λf 0 , where λ is a normalized load parameter. Now the variables (u, , σ ) of the postbuckling equilibrium state can be expanded in the following perturbation series:
where ξ is a normalized mode amplitude. The perturbation expansions in (7) are assumed to be asymptotically valid in the neighborhood of the pre-buckling equilibrium state corresponding to a bifurcation buckling load λ = λ c . In the following it will be assumed that this buckling load corresponds to the lowest buckling load. Substituting (7) into (1), (2) and (3), taking the limit ξ → 0, and with some further manipulations one obtains the equations for the (lowest) buckling load λ c and the corresponding buckling mode u 1 ,
Assuming that the pre-buckling solution is linear the following relation holds:
In addition, it will be assumed that (λ − λ c ) admits the asymptotic perturbation expansion
If a plot of load parameter λ versus the mode amplitude ξ is made, then in view of (12) the a and b coefficients indicate the slope and curvature of the postbuckling curve, respectively. In the present work we consider "symmetric" structures with a post-buckling slope a = 0, and typically a negative post-buckling curvature b < 0, indicating unstable post-buckling behavior.
Inserting (12) together with (7) into (1), (2), and (3), and equating the coefficients of ξ 2 with the assumption of a = 0 ("symmetric" structures) one obtains the equations for the determination of the second order mode u 2 ,
For the second order mode u 2 , the following orthogonality condition is imposed:
In order to obtain the expression for the b coefficient we set δu = u 1 in (10) and (15) and make use of the reciprocity relation (6) . This gives
The behavior of the imperfect structure will be related to the properties of the perfect structure. If the initial geometric imperfection is denoted byû =ξ u 1 , wherē ξ is the normalized imperfection amplitude and u 1 is a geometric imperfection pattern in the shape of the first buckling mode, then the strain-displacement equation, (1), can be modified to
Further, the asymptotic expansion as defined by (12) is modified to
Equation (19) can be rearranged as
Equation (20) can be seen as the reduced-order model for the static analysis.
Dynamic analysis
In order to analyse dynamic buckling, in this section the perturbation method discussed in the previous section will be extended to account for inertial forces. Introducing inertial forces, (3) takes the form
where M(
, which is linear in
∂t 2 , represents the inertial loading. The following reciprocity relation, cf. (6) for the static analysis, holds for the dynamic case:
The dynamic loading is assumed to have the form f = λF (t)f 0 , where the time variation F (t) is normalized such that its maximum value is unity. The typical case that will be considered in the present paper is the case of a step loading, with F (t) corresponding to the unit step function. The dynamic counterpart of (7) can now be written as
By repeating the same procedure as for the static case, and neglecting the inertial forces associated with the pre-buckling displacements, the dynamic counterpart of (20) is obtained,
where a prime represent differentiation with respect to time and where ω 2 1 is defined by
If u 1 happens to be a natural vibration mode then ω 1 is its natural radial frequency, otherwise ω 2 1 can be interpretated as a Rayleigh quotient corresponding to the radial frequency squared, based on the buckling mode u 1 .
For clarity and conciseness the analysis so far has been outlined for a linear pre-buckling state. In order to account for pre-buckling nonlinearity, (17) should be modified to
Here the subscript ( ) c denotes pre-buckling quantities evaluated at λ = λ c and the dots in this case represent differentiation with respect to λ,( ) = ∂ ∂λ ( ). It is noted that as compared with (17), the quantity σ 1 · 1 is replaced by −λ cΔ in (26) to account for pre-buckling nonlinearity. Similarly (25) is adjusted to
Finally, in order to include the effect of pre-buckling nonlinearity, (24) , the reduced-order model for the dynamic state, is modified to
where the coefficients α and β are known as the first and second imperfection form factors, respectively [25] , and are given by
Equation (29) can be regarded as the reduced-order model for the dynamic analysis. In the case of a linear pre-buckling state both α and β are unity and (29) becomes identical to (24) . In the case of a nonlinear pre-buckling state the bifurcation buckling analysis is carried out at a fundamental state close to the bifurcation buckling load. On the basis of the previous discussion, the reduction method for dynamic buckling analysis proposed in the present work is described by the following stepby-step procedure:
-Establish the reduced-order model for static buckling analysis, (20): 1. Computation of the pre-buckling state u 0 . 2. Computation of the buckling load λ c and the corresponding buckling mode u 1 . 3. Computation of the second order mode u 2 . 4. Computation of the b coefficient (a = 0 for the "symmetric" structures considered in the present study).
-Establish the reduced-order model for dynamic buckling analysis, (24). -Carry out the reduced analysis:
1. Computation of the normalized mode amplitude ξ(t) as function of time by solving (24) by numerical time integration for specified load levels, increasing the amplitude of the applied load with small increments. 2. Recovering the displacement, stress, and strain by substituting the given loads and calculated amplitudes in (23). 3. Identification of the dynamic buckling load level λ = λ d , the level at which the maximum of ξ(t) shows a sharp rise.
Finite element implementation
The finite element implementation of the perturbation approach discussed in the previous section has been done in the development environment of the general purpose finite element code DIANA using a layered, eight-node quadrilateral iso-parametric curved shell element, the CQ40L element. A description of this element is available in the DIANA manual [31] . In order to use this element in the perturbation approach described, a modification of the element formulation is not required. However, it is necessary to construct B NL , the nonlinear part of the strain-displacement matrix. In finite element notation the strain-displacement relation is given as
where B L and B NL , defined at each integration point, correspond to the L 1 and L 2 functionals in (1), respectively, and q is the vector of nodal displacements at each element corresponding to the displacement field u from the functional notation. In a similar way L 11 (u, v) is translated to finite element notation as B NL (q 1 )q 2 , where the nodal displacement vectors q 1 and q 2 correspond to the displacement fields u and v in the functional notation, respectively. In the following, we will discuss the finite element implementation briefly. Details of the implementation are available in earlier work of the present authors [25] .
The static pre-bucking state q 0 is obtained from a linear static analysis,
where K 0 is the global stiffness matrix at the undeformed state of the structure. The buckling problem, in functional notation given by (8) , (9) , and (10), corresponds to the following eigenvalue problem:
where K G is the geometric stiffness matrix. Solution of (34) gives the lowest bifurcation buckling load λ c and the corresponding buckling mode q 1 . In the case of follower loads the loading direction can change during the deformation, and the follower load gives rise to an additional stiffness term, known as the load stiffness. For instance, for fluid pressure loading, the pressure remains normal to the shell surface. In the present study, the contribution of the load stiffness is accounted for as discussed in [32] . The eigenvalue problem in (34) is then modified to
where K L is the load stiffness matrix.
The translation to finite element notation of the second order state problem, in functional notation represented by (13) , (14) , and (15) gives
while the orthogonality constraint given by (16) translates to
In (36) the right-hand side force vector g is given by
and φ is a factor such that φ ≈ 1, but φ < 1. Usually φ = 0.99 is applied, if φ = 1 then (36) becomes singular and cannot be solved. When pre-buckling nonlinearity is considered, as discussed in [25] , (36) and (37) include additional terms. The b coefficient is obtained from (17) or, if prebuckling nonlinearity is considered, from (26), by computing the post-buckling stresses and strains at each integration point, and summing them up over all the elements in the structure.
Results and discussion
In this section, results of the reduction method for the dynamic buckling analysis are presented for unstiffened and ring-stiffened composite cylindrical shells. Firstly, a study of the dynamic buckling of composite cylindrical shell structures under external pressure, based on a static buckling mode obtained using a linear pre-buckling state, is presented. Additionally results of the dynamic buckling analysis of a composite cylindrical shell under axial loading, based on a static buckling mode obtained using a nonlinear pre-buckling state, are presented. In two additional cases a comparison is made with earlier work from other investigators on the dynamic buckling of an unstiffened and a ringstiffened composite shell. The dynamic buckling loads in the reduced model are computed in the present study by numerically solving the reduced (24) by a standard Runge-Kutta scheme of the 4th order. In all the numerical examples the buckling mode is normalized such that the maximum out-of-plane displacement is equal to the shell wall thickness.
Anisotropic composite shell under external pressure step loading
The first numerical example for composite shells is the dynamic buckling of Booton's anisotropic cylindrical shell [35] under external pressure. This shell was also used earlier in static stability investigations [33] . The load has been applied as a pressure with a direction that remains radial throughout the deformation process (as opposed to fluid pressure loading, where the loading direction remains normal to the shell surface). Referring to the discussion earlier on the eigenvalue problems in (34) and (35), the load stiffness term is therefore not included in the buckling analysis. The edges have classical 'simply supported' boundary conditions (SS-3) [33] . In order to apply SS-3 boundary conditions in the finite element model, both radial and circumferential displacements at one end of the cylinder are restrained and also one node is fixed in the axial direction to suppress the rigid body motion in that direction. At the other end the radial displacements are restrained, and also the circumferential displacements relative to the displacement of the end plane are restrained, by specifying kinematic constraints in the finite element model. The material and geometric properties of the shell are given in Tables 1 and 2 . The results of the perturbation method for the static buckling analysis obtained from the finite element approach are compared with results from a semi-analytical method based on Donnell-type governing differential equations, which accurately accounts for the effect of boundary conditions at the shell edges [33] . In Table 3 , the first (i.e. lowest) bifurcation buckling load and the corresponding b coefficient are compared between the present study and the semianalytical tool ANILISA [33] . The dead load buckling pressure p (lb/in 2 ) and its critical value p cr are normalized with respect to a reference buckling pressure
, where c = 3(1 − ν 2 12 ). A reasonable agreement is obtained, a difference of approximately one percent both for the buckling pressure and for the b-factor. As an additional verification case for the finite element model used, the first (i.e. lowest) natural frequency f 1 obtained with the present finite element model is compared with the results of a semianalytical method for vibrations of composite cylindrical shells [34] . In Fig. 1 the first bifurcation buckling mode and the corresponding second order mode are depicted by means of deformed mesh plots.
By establishing the characteristics of the static behavior of the perfect structure, the parameters for the reduded order model for the dynamic buckling analysis, (24) , have been determined. The dynamic buckling load under step loading for the imperfect structure has been evaluated using this equation. The imperfection used in the analysis has the shape of the first buckling mode and its maximum out-of-plane amplitude is taken as 10% of the shell thickness. With the reduced analysis the dynamic response of the structure in terms of the modal amplitude ξ(t) is computed for increasing load levels in order to identify the load level at which the maximum of ξ(t) shows a sharp rise or becomes unbounded. This load level is considered to be the dynamic buckling load λ d . With the reduced analysis the calculation time is very low as compared with a dynamic analysis of the full finite element model because each response analysis in the reduced analysis corresponds to solving only one ordinary differential equation, (24) . In Fig. 2 the response of the structure is shown in terms of the out-of-plane (radial) deflection of one of the nodes at the cylinder's midlength, just below and just above the dynamic buckling load level. The dashed line shows the structural response as a function of time at load level λ/λ c = 0.82, computed using the reduced analysis. At load level λ/λ c = 0.83 the reduced analysis (dash-dotted line) yields an unbounded response, and the dynamic buckling load lies between λ/λ c = 0.82 and λ/λ c = 0.83. A dynamic analysis under step loading was also carried out using a full model explicit dynamic analysis with ABAQUS [36] , using a laminated shell element similar to the element used in DIANA. It can be observed that with full model analysis the maximum response takes a sharp rise at the same load level as in the reduced analysis. The reduced-order model, corresponding to a onedegree-of-freedom system with a cubic nonlinearity, is not able to represent stabilizing effects for larger amplitudes, and its response tends to infinity, whereas (7) 1.3936 × 10 3 (7) Fig. 2 Comparison of modal response between full model explicit dynamic analysis and reduced-order model analysis, for load levels just below (λ/λ c = 0.82) and just above the dynamic buckling load (λ/λ c = 0.83). Booton's shell under external dead load pressure step loading. Imperfection amplitudeξ = 0.1 the nonlinearities in the multi-degree-of-freedom full model will limit the deflections at finite amplitudes. The characteristics of the response near the dynamic buckling load, for times that are sufficiently small and for amplitudes that are sufficiently small are captured by the reduced-order model, and the prediction of the dynamic buckling load with the reduced analysis is in good agreement with the result of the full model analysis (in the present case the buckling load of the reduced-order model and the full model occur at the same load level).
Anisotropic composite shell under axial step loading
In this example the same cylindrical shell as in the previous example is considered (Booton's anisotropic shell), but instead of external pressure, an axial load is applied, evenly distributed along the circumference at the shell edge. Another type of simply supported boundary condition is used, namely SS4. The SS-4 condition is similar to SS-3, but in the SS-4 case also the axial nodal displacements, relative to the edge plane, are restrained at both shell edges by specifying kinematic constraints in the finite element model. In Table 4 , as for the previous example, the results of the perturbation method for the static buckling analysis (the first bifurcation buckling loads and the b coefficients) obtained from the finite element approach are compared with results from the semi-analytical method from [33] . The compressive buckling stress resultant N 0 (lb/in) and its critical value N 0 cr are normalized with respect to the reference buckling stress 2 12 ). Also in this case a reasonable agreement is obtained, a difference of about 1.5 percent for the buckling load, and of about 3 percent for the b-factors. As an additional verification case for the finite element model used, the first natural frequency f 1 obtained with the present finite element model is again compared with the results from [34] . In Fig. 3 the first bifurcation buckling mode and the corresponding second order mode are shown by means of deformed mesh plots.
The dynamic buckling load under step loading for the imperfect structure has been evaluated using the reduced-order model, (24) . The imperfection used in the analysis has, as in the previous example, the shape of the first buckling mode and its maximum out-ofplane amplitude is taken as 10% of the shell thickness. With the reduced analysis, dynamic buckling was detected around the load level λ/λ c = 0.768, while with full model explicit dynamic analysis dynamic buckling was found at about λ/λ c = 0.718. While the load levels from the full model analysis and the reduced analysis in the case of external pressure showed a very good agreement, under axial compressive loading a clear difference in the load levels from the two analyses can be observed (a difference of about 7 percent). The buckling behavior of cylindrical shells under axial loading is considerably more complicated than the behavior under external pressure, since the pre-buckling path is nonlinear and furthermore the buckling loads can be very closely spaced. In the present work, a single-mode study has been performed. A multi-mode reduced analysis could improve the reduced analysis results in the present example of an axially loaded shell.
Composite shell under external fluid pressure step loading
The present example provides a comparison with the work of Schokker et al. [30] . They investigated unstiffened and ring-stiffened composite cylindrical shells under external pressure step loading using also the approach followed in the present study (a reduction method based on Budiansky's approach), but within the framework of the p-version of the finite element method. In this example an unstiffened composite cylindrical shell under external pressure with simply supported (SS-3) boundary conditions will be analysed. The material and geometric properties of this cylinder are given in Tables 5 and 6 . Schokker et al. applied the external pressure as a fluid pressure loading. Therefore in the present analysis fluid pressure loading was used (contrary to the earlier "dead load" pressure used in the first analysis example). Now in the bifurcation buckling (eigenvalue) problem the contribution of the load stiffness matrix is accounted for by using (35) . In Table 7 for fluid pressure, the buckling load is compared with results obtained using the general purpose finite element code ABAQUS [36] , and a [30] and with results obtained using ABAQUS. The lowest natural radial frequency ω 1 (rad/s) is normalized by using ω 1 L 2 (ρ/E 2 t 2 ) 1/2 . Also for the natural frequencies a good agreement is obtained (the frequencies obtained are virtually equal). In Table 8 the normalized static and dynamic buckling pressures under step loading are compared for varying imperfection amplitude. In the presence of imperfections, the static bifurcation buckling load which occurs for a perfect shell is replaced by buckling at a limit point at load level λ s , which is evaluated using (7). The dynamic buckling load is computed by solving (23) by means of numerical integration in time for increasing loading amplitude. A reasonable agreement between the results of the two investigations can be observed (for an imperfection amplitudeξ of 0.5, a difference of about 3.5 percent for the static case, and of about 6 percent for the dynamic case).
In Fig. 4 the modal amplitude ξ is plotted against time at a load level far below the dynamic buckling load level, at λ/λ c = 0.356, and at load levels just below and just above the dynamic buckling load level (at λ/λ c = 0.722 and λ/λ c = 0.723, respectively). The results correspond well with a similar plot shown in the paper by Schokker et al. [30] , where dynamic buckling was detected between λ/λ c =0.713 and 0.714. The present example provides a further comparison with the work of Schokker et al. [30] . In the present example, a ring-stiffened composite shell is considered made of the same material as in the previous example. The boundary conditions and loading conditions are also identical. Geometric properties of the ring-stiffened shell are given in Table 9 . In Fig. 5 the first buckling mode and the corresponding second order mode are shown. The first buckling mode corresponds to a global pattern with three circumferential waves (n = 3), involving buckling of the ringstiffeners. In Table 10 the static and dynamic buckling fluid pressures for varying imperfection amplitudes are reported. The pressure q (lb/in 2 ) and its critical value q cr have again been normalized by using [30] , a reasonable agreement for the static buckling loads is observed (for an imperfection amplitudeξ of 0.1, a difference of about 2 percent, and smaller differences for the other imperfection amplitudes investigated), but the dynamic buckling loads obtained in the present study are clearly higher than the buckling loads from [30] (for an imperfection amplitudeξ of 0.1, a difference of about 5 percent, and for an imperfection amplitudeξ of 0.1, a difference of about 17 percent). In the current implementation, the dynamic buckling loads are computed by numerically solving the reduced-order model, (24) , by a standard Runge-Kutta scheme of the 4th order. However, to shed some more light on this discrepancy, it is noted that in the case of step loading this equation can be solved analytically and Budiansky [26] presented for this case the following relation between the static and dynamic buckling load (for a = 0 and b < 0):
where λ C is the static bifurcation buckling load, λ S is the static limit-point buckling load, and λ D is the dynamic buckling load. For the present example λ C = 1.9275, and the results obtained through solution of (39) correspond closely to the dynamic buckling loads of the present study reported in Table 10 , which seems to indicate that the current results are reasonable.
Concluding remarks
A perturbation approach has been used as the basis of a reduction method for the finite element dynamic buckling analysis of general shell structures. The implementation has been done within a general purpose finite element code. Single-mode dynamic bucking analysis was carried out for unstiffened and ringstiffened composite cylindrical shells. The main advantage of the approach presented lies in the quick dynamic buckling load estimates that can be obtained. Instead of carrying out a transient analysis with a (large) finite element model, one solves a single ordinary differential equation through numerical time integration.
The approach gives reasonable estimates of the dynamic buckling load under step loading. The approach is based on the assumption that the dynamic buckling mode is identical to the static buckling mode. The approach can therefore be expected to give appropriate estimates for the dynamic buckling load in cases in which the dynamic buckling mode resembles the static buckling mode. An extension of the approach to a multi-mode perturbation analysis will improve the dynamic buckling estimates in more complicated cases in which modal interaction in the structural response is essential.
